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This work reviews experimental data and models for the thermal conductivity of
nanoparticle suspensions and examines the effect of the properties of the two phases
on the effective thermal conductivity of the heterogeneous system. A model is presented
for the effective thermal conductivity of nanofluids that takes into account the tempera-
ture dependence of the thermal conductivities of the individual phases, as well as the
size dependence of the thermal conductivity of the dispersed phase. We demonstrate
that this model can be used to calculate the thermal conductivity of nanofluids over a
wide range of particle sizes, particle volume fractions, and temperatures. The model
can also be used to validate experimental thermal conductivity data for nanofluids con-
taining semiconductor or insulator particles and confirm the size dependence of the
thermal conductivity of nanoparticles. VVC 2010 American Institute of Chemical Engineers
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Introduction

Interest in sustainable energy has created significant
demand for new thermal storage and thermal management
technologies, including technologies that employ nanofluids
(which are suspensions of nanoparticles in liquids). There is
also interest in increasing the efficiency of existing heat
transfer processes via improvements in the transport proper-
ties of heat transfer media such as nanofluids. The ability to
tune the properties of nanofluids offers many advantages in
this respect. For example, a 39% increase in the heat transfer
coefficient has been reported1 when an aqueous nanofluid
containing 2% (v/v) copper nanoparticles was employed in
place of water in forced convective heat transfer experiments
in a horizontal tube. Similarly, pool boiling experiments

with an aqueous nanofluid containing 1.25% (v/v) alumina
nanoparticles have yielded2 a 40% enhancement in the heat
transfer coefficient when compared with the experiments
conducted with pure water.

Although heat transfer fluids are generally poor conductors
of heat (the thermal conductivity of the most common heat
transfer fluid, water, is about 0.6 W m�1 K�1), design of
more conductive heterogeneous fluids provides an opportu-
nity for improving thermal management efficiency in many
applications. The thermal conductivity of a liquid can be
increased by the addition of a more thermally conductive liq-
uid or solid. As solid thermal conductivity can be as much
as three orders of magnitude greater than that of liquids,
research3,4 has generally focused on liquids containing solid
nanoparticles. Many of these studies3 have reported large
increases in the thermal conductivity of the heterogeneous
system over that of the base liquid. However, a few stud-
ies5,6 have also produced seemingly conflicting results, par-
ticularly with respect to the effect of particle size. A number
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of mechanisms have also been proposed3,7 to account for the
magnitude of the enhancement in the thermal conductivity.
These mechanisms have included Brownian motion of par-
ticles to create a microconvective effect, the ordering of liq-
uid molecules at the solid interface to enhance conduction,
and the clustering of nanoparticles to form pathways of
lower thermal resistance. However, models for the thermal
conductivity based on one or more of these mechanisms
have generally proved ineffective in predicting the thermal
conductivity of nanofluids. Thus, fundamental questions
remain with respect to the mechanism of thermal conduction
in nanofluids as well as the particle size dependence of the
thermal conductivity.

This work compiles literature data on the thermal conduc-
tivity of nanofluids containing solid semiconductor or insula-
tor particles and critically examines published models for
their prediction. On the basis of this evaluation, a model for
thermal transport in such nanofluids is proposed and its pre-
dictive capabilities are evaluated. The goal is to develop a
model that allows the user to tune nanofluid properties, de-
velop new nanofluids, and validate data based on appropriate
heat transport mechanisms.

Data Discussion

Thermal conductivity of liquids and solids

As nanofluids are composite materials consisting of a solid
discrete phase and a liquid continuous phase, the behavior of
their thermal conductivity can best be understood by first
considering the behavior of the individual phases. Thermal
conductivities of liquids range from about 0.06 W m�1 K�1

for fluorocarbons to about 0.6 W m�1 K�1 for water, with
nonpolar liquids generally exhibiting lower thermal conduc-
tivities than polar liquids. In addition, the thermal conductiv-
ity of nonpolar liquids decreases monotonically with increas-
ing temperature due to thermal expansion of the liquid.8 On
the other hand, associating liquids such as water and ethyl-
ene glycol display a maximum in their thermal conductivity
vs. temperature behavior9–11 due to changes in the hydrogen
bonding network with temperature. At low temperatures,
some of the energy being transferred is stored in hydrogen
bonds as they form a network, leading to a lower thermal
conductivity. As the temperature increases, less energy is
captured by the hydrogen bonding network, leading to
increased thermal conductivity. This phenomenon competes
with the typical decrease in thermal conductivity with tem-
perature due to thermal expansion and results in a maximum
in the thermal conductivity—temperature behavior of the
fluid.

Heat is conducted in metallic solids by free electrons, and
in semiconductors and insulators by lattice waves. As ther-
mal conduction by electrons is more effective than conduc-
tion by phonons, the thermal conductivity of metals is gener-
ally an order of magnitude greater than that of insulators.
The thermal conductivity also depends on the structure of
the solid. For example, amorphous carbon has a thermal con-
ductivity of �1.6 W m�1 K�1, but diamond and carbon
nanotubes can exhibit12–14 thermal conductivities as high as
900 and 2000 W m�1 K�1, respectively. Crystalline solids
typically conduct heat more readily than amorphous solids,

and, therefore, their thermal conductivities are higher than
those of amorphous solids. In the case of insulators and
semiconductors, energy is propagated through the lattice15

by phonon waves. If the atoms could oscillate harmonically,
the velocity of these phonon waves would be the speed of
sound in a crystal. However, anharmonicity is observed16

due to higher order interactions among atoms, and leads to a
change in the direction of the phonon wave (or phonon scat-
tering). Phonon scattering can be divided into elastic phonon
scattering, where phonon momentum is conserved, and
inelastic scattering, where it is not. Inelastic scattering cre-
ates resistance to thermal transport and lowers the thermal
conductivity. Scattering can result from collisions of pho-
nons with each other (Umklapp scattering) or defects in the
crystal structure such as impurities and grain boundaries.
Thermal conductivities of semiconductor solids17 generally
increase and then decrease with temperature due to these
competing phenomena.

The effect of size of the solid particle on the thermal con-
ductivity has received considerable attention recently. A
number of studies18–20 have focused on thermal conduction
in nanoscale semiconductor thin films, and concluded that
thermal conductivities of submicron films decrease as the
thickness of the film decreases. Indeed, Liu and Asheghi20

reported that the out-of-plane thermal conductivity of a sili-
con film of thickness 20 nm was nearly an order of magni-
tude smaller than the thermal conductivity of bulk silicon.
They suggested that phonon scattering at the interface of the
solid must become the dominant source of thermal resistance
in solid nanomaterials because of their large specific surface
area. A less substantial decrease of the in-plane thermal con-
ductivity (�10% at 300 K) was observed by Yu et al.21 in a
superlattice with a periodic structure of 70 nm.

Phonon–interface scattering is not as well understood as
other phonon scattering processes (such as boundary scatter-
ing or phonon–phonon scattering), and it is seldom incorpo-
rated into models for the thermal conductivity of solids. This
could be one reason22 why most methods are unable to pre-
dict the reduced thermal conductivity of nanostructured
materials. Ziambaras and Hyldgaard23 examined the thermal
conductivity of nanoscale films and wires using the Boltz-
mann transport equation with phonon–interface scattering
and found that the axial thermal conductivity of a wire is
less than the in-plane thermal conductivity of a film of the
same thickness. They suggested that this effect is similar to
Knudsen diffusion, and is caused by confinement of the pho-
non wave when the phonon mean free path is of the same
order as the thickness of the nanomaterial. Nanowires, which
are confined in two dimensions, are therefore expected to ex-
hibit a lower thermal conductivity than nanofilms, which are
only confined in one dimension. Li et al.24 demonstrated this
phenomenon when they measured axial heat conduction in
silicon nanowires. They reported that the axial thermal con-
ductivity of a 22 nm diameter silicon nanowire was approxi-
mately 6 W m�1 K�1, while the out-of-plane thermal con-
ductivity for a 20-nm-thick silicon film was about 22 W m�1

K�1. The nanowire value is more than two orders of magni-
tude lower than the bulk thermal conductivity of silicon (237
W m�1 K�1).

Semiconductor nanoparticles should exhibit an even lower
thermal conductivity than nanowires or nanofilms, because
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nanoparticles are confined in three dimensions. Fang et al.25

used molecular dynamic simulations to estimate the thermal
conductivity of silicon nanoparticles and reported that the
thermal conductivity of particles smaller than 8 nm was
about 2 W m�1 K�1. In contrast, the thermal conductivity of
bulk silicon is 237 W m�1 K�1 as noted previously. These
results have yet to be confirmed experimentally, although it
seems clear that the thermal conductivity of semiconductor
or insulator particles must decrease with particle size when
the particle size approaches the mean free path of phonons
in the solid.

The studies described above imply that the contribution of
the particle thermal conductivity to the effective thermal
conductivity of a solid dispersion should also decrease as the
size of the dispersed particles approaches the phonon mean
free path. The following sections review data and models
related to the thermal conductivity of dispersions of solid
particles in liquids.

Thermal conductivity of micro
and nanoparticle dispersions

Although there have been numerous studies related to the
transport properties of microparticle suspensions, only two
are mentioned here because their conclusions relate directly
to the behavior of nanoparticle suspensions. Shin and Lee26

reported that the effective thermal conductivity of 10% (v/v)
dispersions of micron-sized polyethylene and polypropylene
particles in mixtures of silicon oil and kerosene was about
13% greater than the thermal conductivity of the base fluid.
Moreover, they found a linear relationship between the
effective thermal conductivity of the heterogeneous system
and the volume fraction of particles. Turian et al.27 measured
the thermal conductivity of a number of fluids containing as
much as 50% (v/v) of dispersed coal, glass, gypsum, or
silica particles and reported modest increases in the thermal
conductivity. For example, they observed an 18% increase in
the thermal conductivity in an aqueous dispersion containing
12% (v/v) silica particles. In addition, a linear relationship
between the thermal conductivity and particle volume frac-
tion was observed, although there was a change in slope at
about 0.1 volume fraction.

Fluids containing dispersed nanoparticles have been exten-
sively studied since Choi28 reported that heat transfer in
liquids could be considerably enhanced by the addition of
metallic nanoparticles. Thus, Eastman et al.29 found that the
addition of 0.3% (v/v) copper nanoparticles to ethylene gly-
col resulted in an increase of 40% in the thermal conductiv-
ity of the liquid, although about 1% (v/v) thioglycolic acid
was also added to the liquid to aid in dispersing the nanopar-
ticles. Jana et al.30 measured the thermal conductivity of a
similar nanofluid, except that the base fluid was water con-
taining laurate salt as a dispersant. They obtained a 70%
thermal conductivity enhancement when 0.3% (v/v) copper
nanoparticles were added to water. These large enhance-
ments were attributed to increased transport resulting from
the large surface area of the particles. Equally large thermal
conductivity enhancements have been reported when metal
oxides are added to liquids. An early study by Eastman
et al.31 reported that an aqueous nanofluid containing 5% (v/
v) copper oxide nanoparticles exhibited a thermal conductiv-

ity that was 60% greater than that of water, and another
aqueous nanofluid containing 5% (v/v) alumina nanoparticles
exhibited a thermal conductivity that was 40% greater than
that of water. More recent studies, however, have reported
more modest enhancements32–35 in similar nanofluids. It
should also be added here that differences in reported values
of the enhancement are quite common in the nanofluid litera-
ture. On the other hand, extremely large enhancements have
been reported when carbon nanotubes are dispersed in
liquids. According to Yang et al.,36 the addition of 0.35%
(v/v) of multiwalled carbon nanotubes (MWCNT) to poly
(a-olefin) oil results in a 200% thermal conductivity
enhancement; whereas, Choi et al.14 have stated that a 150%
thermal conductivity enhancement is obtained when 1% (v/
v) MWCNT are added to poly(a-olefin) oil. It is clear from
these studies that there is a significant increase in the ther-
mal conductivity when solid particles are added to liquids,
although the magnitude of the enhancement is not yet estab-
lished. The enhancement is, however, proportional to the
thermal conductivity of the dispersed particles.

Effect of volume fraction

Most studies of nanofluids have reported a linear relation-
ship between the effective thermal conductivity and volume
fraction of particles (as shown in Figure 1), although a few
studies41,42 have also reported a change in slope when vol-
ume fractions are very small. The magnitudes of the reported
enhancements in dilute systems have ranged from unusually
high29,30,43,44 to negligibly small.34,45

Effect of particle size

The particle-size dependence of the thermal conductivity
of dispersions has received considerable attention because of

Figure 1. Thermal conductivity of an aqueous nanofluid
containing 71 nm diameter alumina particles
as a function of volume fraction /.

Data of Beck et al.37 (l). Error bars represent the estimated
measurement error. Lines represent predictions of the Max-
well38 (– –), Nan et al.39 (— - —), Yu and Choi40 (…),
Geometric mean27 (—) models.
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the widely held view that increasing surface to volume ratios
must lead to enhanced heat transfer (and hence higher ther-
mal conductivity) as the particle size decreases. Thus, Kim
et al.6 reported that enhancements obtained when 10 nm tita-
nia particles are dispersed in ethylene glycol are about twice
those obtained when 70 nm particles are dispersed in the
same fluid at the same volume fraction. Li and Peterson46

also reported that enhancements in aqueous alumina nano-
fluids were 8% higher for 36 nm particles than for 47 nm
particles. On the other hand, Xie et al.5 reported that the
thermal conductivity enhancement in alumina nanofluids
exhibits a maximum at particle sizes between 12 and
304 nm. More recently, Beck et al.37,47 reported that the
thermal conductivity of alumina nanofluids decreases with
particle size below about 50 nm. This behavior is consistent
with a decrease in the thermal conductivity of alumina par-
ticles with decreasing particle size.

Effect of temperature

Das et al.48 measured the thermal conductivity of alumi-
num and copper oxide nanofluids in water at temperatures
between 293 and 323 K and concluded that the thermal con-
ductivity of nanofluids increases with temperature. In con-
trast, Yang and Han49 studied dispersions of Bi2Te3 nano-
rods in perfluorohexane and reported a decrease in the effec-
tive thermal conductivity as the temperature increased from
278 to 323 K. As noted previously, the thermal conductivity
of nonpolar liquids generally decreases monotonically with
increasing temperature,8 whereas that of associating liquids
such as water generally exhibits a maximum in the thermal
conductivity vs. temperature behavior.9,10 In the case of
water, the maximum occurs at �404 K. As many of the
measurements on aqueous nanofluids have been made at
temperatures below 400 K, they are in the region where the
thermal conductivity of water increases with temperature.
Also, as the volume fraction of particles in nanofluids is gen-
erally small, it is likely that the thermal conductivity of
nanofluids is dominated by the thermal conductivity of the
base fluid. To confirm this hypothesis, Beck et al.50 meas-
ured the thermal conductivity of ethylene glycol–based alu-
mina nanofluids at temperature ranging from 298 to 411 K
and found that the thermal conductivity vs. temperature
behavior of the nanofluid follows closely that of the base
fluid (ethylene glycol in this case). This behavior is shown
in Figure 2 and has also been validated47 when the base fluid
is water or a mixture of water and ethylene glycol.

Effect of the particle to fluid thermal
conductivity ratio a

Xie et al.51 measured the thermal conductivity of 60 nm
alumina particles dispersed in different base fluids, and
found larger enhancements when values of a (¼ kp/kl) were
large. For example, the enhancement for alumina in pump
oil (a ¼ 326) was about 40%, whereas that for alumina in
water (a ¼ 75) was about 23%. Similar trends have been
noted48,52–55 in nanofluids with the same base fluid but con-
taining different nanoparticles. Also, some of the largest
thermal conductivity enhancements have been observed in

nanofluids containing highly thermally conductive particles
(such as copper,29 carbon nanotubes,14 and diamond13).

Effect of particle surface charge

Lee et al.56 varied the pH of the solution before dispersing
nanoparticles and observed greater thermal conductivity
enhancement in acidic and basic solutions, and a lower
enhancement at neutral pH values. They concluded that sur-
face charges increase the stability of the dispersion leading
to an increased thermal conductivity.

Effect of particle arrangement in suspension

Wright et al.57 studied the thermal conductivity of dilute
nanofluids containing 0.01–0.02% Nickel-coated single-
walled carbon nanotubes (SWCNT) within a magnetic field.
They observed greater thermal conductivity enhancement
when the magnetic field was applied, which suggests that the
nanotubes aligned to form conductive paths within the fluid.
Hong et al.58 and Wensel et al.59 observed similar behavior
in dilute nanofluids containing both iron oxide and
SWCNTs. However, the thermal conductivity decreased after
some time in the magnetic field due to agglomeration and
settling of particles.

Summary of Findings

The following trends may be discerned from the studies
outlined in the preceding paragraphs:

(i) The addition of solid particles to liquids generally
leads to a change in the effective thermal conductivity of
nanofluids, in proportion to the amount (volume fraction) of
particles added, and to the thermal conductivity of the solid
particles.

Figure 2. Thermal conductivity–temperature behavior
of alumina nanofluids in ethylene glycol.

Data of Beck et al.50 at particle concentrations of 1 % (v/v)
(l) and 3% (v/v) (n). The solid line represents literature
data for ethylene glycol, whereas dashed lines represent fits
of the nanofluid data.
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(ii) Thermal conductivity enhancements in the case of
dilute nanofluids containing dispersed semiconductor or insu-
lator particles are generally less than 25%, although a few
studies have reported much larger enhancements.
(iii) The temperature dependence of the effective thermal

conductivity of nanofluids conforms closely to that of the
base fluid.
(iv) The effective thermal conductivity decreases with

decreasing size of dispersed particles, when particles are
very small.
(v) The stability of the suspension and particle aggrega-

tion affects the thermal conductivity of nanofluids, although
the magnitude of these effects has not been determined
quantitatively.

The following paragraphs describe models for the effec-
tive thermal conductivity of dispersions and examine their
applicability in light of these trends.

Model Evaluation

Models for microparticle dispersions

Maxwell38 derived the following relationship for the ther-
mal conductivity of dilute suspensions of spherical particles:

keff
kl

¼ 1þ 3ða� 1Þ/
ðaþ 2Þ � ða� 1Þ/ (1)

where keff is the effective thermal conductivity of the
dispersion, a is the ratio (kp/kl) of thermal conductivity of
the particle to that of the fluid, and / is the particle volume
fraction. The model is applicable to uniform dispersions of
spherical particles when there are no particle interactions.
Rayleigh60 extended the Maxwell model to concentrated
dispersions by considering spheres or cylinders arranged in a
cubic lattice, whereas Hamilton and Crosser61 proposed an
extension that included an empirical factor n to account for the
shape of particles as follows:

keff
kl

¼ 1þ nða� 1Þ/
ðaþ n� 1Þ � ða� 1Þ/ (2)

In Eq. 2, n ¼ 3/w and w is the sphericity of the particle.
A second order extension of the Maxwell model was pro-
posed by Jeffrey62 by considering the effect of interactions
between pairs of spheres. Models based on the effective me-
dium theory were proposed by Progelhof et al.63 and Lan-
dauer.64

Maxwell type models generally imply an effective thermal
conductivity that increases with the volume fraction of par-
ticles, is dependent mostly on the thermal conductivity of
the base liquid, and is 0–15% greater than that of the base
liquid when / \ 0.05. Turian et al.27 demonstrated that
these models, including those proposed by Maxwell,38 Jef-
frey,62 and Progelhof et al.63 are able to fit experimental
data for dilute suspensions within 2% when 0.4 \ a \ 2.4.
Agreement with experiment becomes less satisfactory as a
increases and also as / increases. Note that increasing / of-
ten leads to particle aggregation and this cannot be
accounted for by these models.

Krischer65 considered an array of elements of specific re-
sistance distributed in a matrix, and obtained:

keff ¼ 1� f

ð1� /Þkl þ /kP
þ f

1� /
kl

þ /
kP

� �� ��1

(3)

where f is an empirical factor equivalent to the fraction of
parallel resistances in a rectangular array of elements. This
model can be used to determine upper and lower bounds for
the thermal conductivity of a heterogeneous system, with f ¼ 0
signifying that all particles are arranged in series (creating a
high thermal conductivity pathway) and f ¼ 1 signifying that
all particles are arranged in parallel (creating a low thermal
conductivity arrangement). The actual value of f must be
obtained by experiment. Tsao66 developed a similar model by
considering different geometries of the discrete phase, whereas
Hashin and Shtrikman67 derived more restrictive bounds using
the variational theorem. Their bounds may be expressed as:

1þ 3/ða� 1Þ
aþ 2� /ða� 1Þ �

keff
kl

� a 1� 3ða� 1Þð1� uÞ
3a� /ða� 1Þ

� �
(4)

In Eq. 4, the lower bound is the Maxwell limit. The upper
bound implies an effective thermal conductivity that is
higher than the Maxwell limit when particle aggregation is
significant.

Turian et al.27 noted that the upper and lower bounds of
the Krischer model are equal to the volume-fraction-
weighted arithmetic and harmonic means of the thermal con-
ductivities of the two phases. The geometric mean of the
two thermal conductivities falls between these bounds and
also falls within the more restrictive Hashin–Shtrikman
bounds when a [ 5. Therefore, Turian et al. used the vol-
ume-fraction-weighted geometric mean of the thermal con-
ductivities of the individual phases defined by:

keff
kl

¼ a/ (5)

to calculate thermal conductivities of their suspensions. They
found that the Maxwell model was able to fit data within
14.3%, whereas Eq. 5 could predict data within 5.7% of
experimental values when 3.5\ a\ 70. When 70\ a\ 200,
the average deviation was 26.3% for the Maxwell equation and
9.9% for Eq. 5. Turian et al. concluded that Eq. 5 provides
good estimates of the effective thermal conductivity for
particle suspensions when a[3.5. It should be added here that
particle sizes in their suspensions were relatively large (of the
order of microns).

Similar ‘‘mixture models’’ for the effective thermal con-
ductivity of composites have also been proposed.68,69 These
models may be summarized as follows:

ðkeffÞn ¼ /ðkpÞn þ ð1� /ÞðklÞn � 1\ n\ 1 (6)

When n ¼ 1, Eq. 6 reduces to the arithmetic mean of the
thermal conductivities of the two materials, and provides a
good representation for conduction in materials arranged in
parallel. Similarly, when n ¼ �1, Eq. 6 reduces to the har-
monic mean of the two thermal conductivities, and provides
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a representation for conduction in materials arranged in se-
ries. Finally, for n approaching zero, Eq. 6 reduces to the
geometric mean of the thermal conductivities of the two
materials. As discussed previously, Turian et al.27 have
shown that the geometric mean works well in heterogeneous
suspensions of micron-sized particles. Their conclusions
agree with those of Prasher et al.70 who suggested further
that particle aggregation would result in thermal conductivity
enhancements that are greater than those predicted by the
Maxwell equation. None of these models, however, include
any particle size dependence.

Nanofluid models

Several mechanistic models for heat transport in nano-
fluids have been proposed to account for thermal conductiv-
ities that exceed values predicted by the Maxwell equation.
These models are discussed below.

Yu and Choi40 proposed a contribution to the thermal con-
ductivity of nanofluids from an ordered liquid layer at the
solid–liquid interface. This ordered layer is assumed to have
a higher thermal conductivity than the bulk liquid, leading to
an effective thermal conductivity given by:

keff
kl

¼ kpe þ 2kl þ 2ð1þ blÞ3ðkpe � klÞ/
kpe þ 2kl � ð1þ blÞ3ðkpe � klÞ/

(7)

where bl is the ratio of the ordered liquid layer thickness to the
nanoparticle radius, and kpe is the effective thermal con-
ductivity of the particle defined by:

kpe ¼
2ð1� cÞ þ ð1þ blÞ3ð1þ 2cÞ
h i

c

ð1þ blÞ3ð1þ 2cÞ � ð1� cÞ kp (8)

Here, c is the ratio of the thermal conductivity of the or-
dered liquid layer to that of the solid particle. Similar mod-
els based on an effective particle size that includes the sur-
rounding ordered liquid layer have been proposed by
others.71–76 These models imply an inverse relationship of
the effective thermal conductivity with particle size, and
generally treat the thickness and thermal conductivity of the
ordered liquid layer as adjustable parameters. However, val-
ues of the ordered layer thickness obtained by fitting data
were found73 to be between 1 and 3 nm, and the thermal
conductivity of the ordered layer was reported40,74 to be
about 5–10 times the thermal conductivity of the base fluid.
In contrast, Li et al.77 and Evans et al.78 used MD simula-
tions to estimate an ordered layer thickness of about 0.5 nm,
and an ordered layer thermal conductivity of crystalline
water to be about three times that of liquid water. Neither of
these values is in agreement with that obtained by fitting
data. Moreover, use of values from MD simulations leads to
enhancements that are about the same as those predicted by
the Maxwell equation, except when particle diameters are
less than 5 nm.

A number of models attribute the enhanced thermal con-
ductivity of nanofluids to a local microscale convective
effect created by Brownian motion of particles. As an exam-
ple, the Jang and Choi79 equation combines contributions

from the liquid, suspended particles, and Brownian motion
of the particles to obtain:

keff
kl

¼ ð1� /Þ þ ea/þ /C1

df
d
Re2 Pr (9)

where e is a constant related to the interfacial thermal
resistance, C1 is a proportionality constant, df is the diameter
of a fluid molecule, d is the particle diameter, and Re and Pr
are the Reynolds and Prandtl numbers, respectively, based on
the properties of the fluid. However, it has been demon-
strated27 that a linear combination of the individual thermal
conductivity contributions is a poor predictor of the effective
thermal conductivity of heterogeneous systems. This has led
some researchers80–84 to incorporate Brownian motion based
particle size dependence directly into conventional thermal
conductivity models for heterogeneous systems. For instance,
Xuan et al.83 included the microconvective effect of the
dynamic particles in the Maxwell equation to obtain:

keff
kl

¼ aþ 2þ 2/ða� 1Þ
aþ 2� /ða� 1Þ þ 18/HA k T

p2qd6kl
s (10)

where H is the overall heat transfer coefficient between the
particle and the fluid, A is the corresponding heat transfer area,
and s is a comprehensive relaxation time constant. The heat
transfer area is proportional to the square of the diameter,
leading to an effective thermal conductivity that is inversely
proportional to the fourth power of the particle diameter. Such
strong inverse dependence on particle size has not been
demonstrated experimentally. In addition, Eq. 10 reduces to
the Maxwell equation with increasing particle size, and
cannot, therefore, account for thermal conductivities that are
greater than the Maxwell limit.

Models that incorporate an interfacial thermal resistance
into the Maxwell equation have been published by Nan
et al.39 and others. The interfacial thermal resistance is
related to the different rates of transport in the two phases
that lead to a temperature discontinuity at the solid–liquid
interface. The interfacial resistance is sometimes referred to
as the Kapitza resistance85 and includes the effects of pho-
non scattering at the interface, as well as other phenomena
that create resistance to heat transport such as poor contact
between the phases. For spheres, the Nan et al. model can
be written as follows:

keff
kl

¼ að1þ 2vÞ þ 2þ 2/½að1� vÞ � 1�
að1þ 2vÞ þ 2� /½að1� vÞ � 1� (11)

where v ¼ 2RBkl/d and RB is the interfacial thermal resistance.
Eq. 11 reduces to the Maxwell equation when v � 1 and is
thus incapable of representing enhancements that are greater
than those predicted by the Maxwell equation. However, it
correctly predicts a decrease in effective thermal conductivity
with particle size.

Another type of model takes account of particle aggrega-
tion in nanofluids and was proposed by Prasher et al.70 Their
model assumes that particle aggregates form conductive
pathways in the fluid resulting in enhancements that are
greater than those predicted by the Maxwell model. How-
ever, the model requires information on aggregate size as

3248 DOI 10.1002/aic Published on behalf of the AIChE December 2010 Vol. 56, No. 12 AIChE Journal



well as the fraction of particles forming conductive path-
ways. These quantities are seldom available, although the
hypothesis that particle clustering enhances conduction in
suspensions is supported by numerical simulations and mo-
lecular dynamics studies.86–88

Figure 3 displays a comparison of thermal conductivity
predictions from various models and their relationship with
particle diameter. With the exception of the Nan et al.
model, all models described above predict an inverse rela-
tionship between nanofluid thermal conductivity and particle
size. The models therefore predict an increase in the effec-
tive thermal conductivity as the particle size decreases. As
noted previously, the thermal conductivity of thin films and
nanowires decreases with decreasing size23 and this trend
should be more pronounced in nanoparticles due to confine-
ment of phonon waves in all three dimensions. Recent exper-
imental data37,47,90 confirm such a trend. Thus, none of the
above models are able to correctly predict both the size de-
pendence of the effective thermal conductivity and enhance-
ments that are greater than the Maxwell limit.

Modified Geometric Mean Model

All published models for the thermal conductivity of
nanofluids predict a linear dependence of the enhancement
on particle volume fraction, which is confirmed by published
data. However, as shown in Figure 1, the magnitude of the
thermal conductivity is not necessarily predicted well by all
models. In addition, the dependence with respect to tempera-
ture and particle size is not represented adequately by many
of these models. The Nan et al.39 model reproduces the gen-
eral trends of thermal conductivity data with particle volume
fraction, temperature, and particle diameter. However, the
model reduces to the Maxwell model at large particle sizes
and cannot, therefore, reproduce enhancements that are
greater than those predicted by the Maxwell model.

Figure 4 compares predictions of the geometric mean and
Maxwell models with experimental data on nanofluids con-
taining alumina particles larger than 50 nm. The predictions
of the geometric mean model are within 2% of experimental
values irrespective of the base fluid (pump oil, ethylene gly-
col, glycerol, or water). It would, therefore, appear that the
geometric mean is capable of predicting the limiting value
of the thermal conductivity of alumina nanofluids. However,
the geometric mean model does not explicitly include any
particle size dependence.

Liang and Li91 recently proposed a phenomenological
theory for the size dependence of the thermal conductivity
of semiconductors and insulators by taking into account the
intrinsic size effect on phonon velocity, mean free path, and
surface scattering. An advantage of their model is that the
same equation can be used for thin films, nanowires, and
nanoparticles. According to Liang and Li,91 the thermal con-
ductivity of a nanostructure is given by:

kpðLÞ
kb

¼ p exp � l0
L

� �
exp

1� A
L=L0 � 1

� �� �3=2
(12)

where kp(L) is the thermal conductivity of the nanostructure of
characteristic size L, kb is the thermal conductivity of the bulk
material, l0 is the phonon mean free path at room temperature,
and L0 is the critical size when almost all atoms of the crystal
are located on its surface. L0 may be obtained from:

L0 ¼ 2ð3� nÞr (13)

where r is the atomic/molecular diameter, and n ¼ 0, 1, and 2
for nanoparticles, nanowires, and thin films, respectively.
Parameter A depends on the bulk vibrational entropy of
melting Sv as follows:

A ¼ 1þ ð2=3ÞSv=R (14)

Figure 4. The thermal conductivity of 5% (v/v) alumina
in pump oil, ethylene glycol, glycerol, and
water.

Data of Xie et al.51 ( ) and predictions of Maxwell38 ( )
and geometric mean27 ( ) models.

Figure 3. Calculated thermal conductivity enhancement
as a function of particle size for an aqueous
nanofluid containing 5% (v/v) alumina at
room temperature from several models.

Maxwell38 —, Nan et al.39 …, Yu and Choi40 – – , Chon
et al.89 — —, and Jang and Choi79 — - —.
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where R is the universal gas constant. For III–V and II–VI
compounds, Sv ¼ Hm/Tm � R, where Hm is the enthalpy of
melting and Tm is the bulk melting point. For molecular
crystals,92 Sv ¼ Sm ¼ Hm/Tm. The adjustable parameter p (0\
p � 1) in Eq. 12 provides a measure of surface roughness and
is discussed further below.

Liang and Li91 successfully tested Eq. 12 for thin films
and nanowires but could not validate the equation for nano-
particles because of lack of experimental data. In our work,
we have used Eqs. 12–14 and the physical parameters given
in Table 1 to calculate the thermal conductivity of nanopar-
ticles. The phonon mean free path l0 was calculated using
the kinetic theory expression:

k ¼ 1

3
q Cvvalo (15)

where q is the density, Cv is the specific heat, and va is the
average phonon velocity. Bulk values of the properties of the
material at 300 K were used to obtain lo. The average phonon
velocity va was calculated using17:

3

v3a
¼ 1

v3l
þ 2

v3l
(16)

where vl is the velocity of the longitudinal wave and vt is the
velocity of the (two) transverse waves in the material of
interest. Crystal structure and lattice constants were obtained
from Bragg et al.102 and Yang et al.119 For molecular crystals,
r was calculated from nearest-neighbor separation of mole-
cules in the molecular lattice.103 Jiang et al.104 pointed out that
the entropy of melting is not sensitive to r, especially when L/
r is large (L [ 4 nm, and r \ 0.5 nm). Table 2 compares
calculated phonon mean free paths for several oxides with
published values and confirms that the kinetic theory
expression provides reasonable estimates of lo. Calculated
thermal conductivity of several semiconductors and insulators
are plotted in Figure 5. It can be seen that the effective thermal
conductivity of these materials attains its bulk value at particle
sizes of about 100 nm.

The size-dependent thermal conductivity from Eq. 12 was
incorporated into the volume fraction weighted geometric
mean to obtain a modified geometric mean model as
follows:

keff
kl

¼ kpðLÞ
kl

� �/
(17)

where kp(L) is the thermal conductivity of the nanoparticle
from Eq. 12. Figure 6 compares the fits of Eq. 5 (geometric
mean model) and Eq. 17 (modified geometric mean model) to
experimental data for alumina nanofluids.37,47 Eq. 17 was
fitted by minimizing the average absolute deviation in keff with
p as the adjustable parameter. Optimized values for each
particle size are as follows: 8 nm, p ¼ 0.12; 12 nm, p ¼ 0.21;
16 nm, p ¼ 0.28; 71, 245, and 282 nm, p ¼ 1. To ascertain if
the values of p obtained are physically realistic, the relation91

p ¼ 1 � 10 g/L was used to calculate the surface roughness g.
The surface roughness was found to be less than 10% of the
particle size in all cases, which appears to be reasonable.

Figure 7 shows predictions of the thermal conductivity of
alumina nanofluids in water and ethylene glycol using
Eq. 17. A single value of p was used for each particle size
irrespective of the base fluid or temperature. For example,
for 12 nm alumina particles, a value of p ¼ 0.28 was

Table 1. Characteristic Constants for Eqs. 12–16

kb (W m�1 K�1) q � 103 (kg m�3) Cp (J mol�1 K�1) va (m s�1) l0 (nm) Hm (kJ mol�1) Tm (K) r (nm)

Si 236.825 2.3393 19.9994 635195 4191 50.5591 168591 0.2352
a-Al2O3 4093 3.9796 78.9696 6763 5.77 55.1294 234596 0.238
TiO2 (Rutile) 8.46 4.2396 54.7696 5568 1.56 44.6796 211696 0.1475
CeO2 10.493 7.6596 61.5396 6052 2.18 87.1893 267396 0.3825
CuO 7797 6.3196 42.2696 5000* 13.78 11.7993 171996 0.195
Fe3O4 798 5.1796 143.3796 250098 2.56 137.9493 187096 0.5954
SiO2 1.3499 2.6596 44.5794 3863 0.58 8.7893 199696 0.245
ZnO 296 5.6196 40.2196 3159 9.94 18.6993 224896 0.1625
a-SiC 49099 3.2295 26.7497 789393 86.73 3.18120 297396 0.1535
Diamond 900100 3.5195 6.5794 1382695 104.81 104.6101 4093101 0.1546

*assumed value.

Table 2. Calculated Phonon Mean Free Path l0/nm at 298 K
for Several Semiconductors

Literature Value Eq. 15

Al2O3 5.08105 5.77
SiO2 0.6105 0.58
SiC 69.05106 86.73

Figure 5. Thermal conductivity of semiconductors and
insulators calculated using Eq. 12. Al2O3 (—),
TiO2 (. . .), CuO (– –), ZnO (— —), SiC (— - —).
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obtained by fitting the nanofluid data of 12 nm alumina par-
ticles in water as well as in ethylene glycol. It is clear that
Eq. 17 is able to account for the decrease in thermal conduc-
tivity with decreasing particle size in the two base fluids.
Thus, when surface roughness must be taken into account,
the parameter p can be obtained by fitting data for one base
fluid. The same value of p may then be used to predict the
thermal conductivity behavior in a different base fluid.

Tables 3–11 list average deviations between experimental
thermal conductivities of several nanofluids and calculated
values using Eqs. 5 and 17. In the case of alumina nano-

fluids, comparisons are also shown with the Nan et al model
(Eq. 11). Because of lack of published data on interfacial
thermal resistance, the Nan et al model could not be eval-
uated for other nanofluids. Optimized values of p were there-
fore obtained for alumina nanofluids only and are given in
Table 3. Thermal conductivities of the base fluids were
obtained by fitting literature data10,11 as follows: kH2O ¼
1.8822 E-8 T3 � 2.7872 E-5 T2 þ 0.013274 T � 1.371; kEG
¼ 0.088067 þ 9.4712 E-4 T � 1.3114 E-6 T2. Thermal con-
ductivities of the solids were assumed to be independent of

Figure 6. Thermal conductivity enhancement in aque-
ous nanofluids containing 1–4% (v/v) alumina
particles at room temperature.

Points (1% !, 2% n, 3% l, 4% ~) represent experimen-
tal values of Beck et al.,37 lines represent calculations using
Eq. 5 (solid line) and Eq. 17 (dashed lines).

Figure 7. Thermal conductivity enhancement in water-
(l) and ethylene glycol- (!) based nanofluids
containing 3% (v/v) alumina particles at 298 K
as a function of particle size.

Dashed lines (water - - - -, EG – –) represent Eq. 17 using
the same values of p as in Figure 6.

Table 3. Comparing the Geometric Mean (GM), Modified Geometric Mean (mGM), and Nan et al. Models
with Experimental Data for Alumina Nanofluds

Data Reference Particle Size (nm) Fluid T (K)

Average Absolute Deviation (%)

Nan et al. Model39 GM mGM mGM (p)

31 33 Water 298 11.03 3.2 3.87 3.87 (1)
107 35 Water 298 5.46 2.76 2.09 0.47 (0.54)
54 38.4 Water 298 2.28 5.55 4.98 0.19 (0.18)

38.4 EG 298 3.81 5.64 5.04 0.58 (0.18)
53 28 Water 298 8.17 4.71 3.39 2.52 (0.75)

28 EG 298 15.8 3.74 2.68 2.36 (0.75)
5,51 60.4 Water 298 8.79 1.32 1.56 1.56 (1)

12.4–302 EG 298 7.29 4.39 3.39 1.48 (0. 3)
48 38.4 Water 294–324 6.88 3.61 3.56 3.52 (0.86)
89 13–182 Water 294–344 6.69 4.36 4.46 4.46 (1)
52 36 Water 301–309 7.97 13.54 12.53 6.47 (0.14)
32–34 20 Water 283–323 5.74 20.32 16.48 2.14 (0.09)
6 38 Water 298 1.57 2.09 1.83 0.16 (0.24)

38 EG 298 2.85 3.42 3.02 0.15 (0.24)
46 36 and 47 Water 302–310 5.19 4.11 3.89 3.48 (0.54)
35 11–40 Water 296–333 4.59 14.89 12.13 1.93 (0.13)

11–40 EG 296–333 4.06 15.43 12.98 2.11 (0.13)
108,109 48 Water 298 2.53 0.61 0.71 0.71 (1)
110 45 Water 298 1.76 4.62 1.45 0.69 (0.63)

45 EG 298 7.38 1.04 6.97 5.75 (0.63)

Average absolute deviation (%) for n data points ¼ R abs (kexp � kpred)/kexp � 100/n.
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temperature within the temperature ranges encountered in
this study.

Tables 3–11 show that deviations between experimental
and predicted thermal conductivities using the modified geo-
metric mean model are generally less than �3%. Deviations
greater than �3% occur when the reported experimental value
is unusually high, or when the effect of particle size or tem-
perature is not in agreement with the experimental trends
noted above. For example, Li52 reported a linear increase in
thermal conductivity with temperature for alumina nanofluids
and also ignored the temperature dependence of the thermal

conductivity of their base fluids when calculating their
enhancements. Hence, deviations between experimental and
calculated values in Table 3 for the Li data are greater than
3%. In Table 4, large deviations were obtained in fitting the
Mursheed41 and Yoo109 data because the reported enhance-
ments of 14–18% are unusually high for nanofluids containing
1% (v/v) titania particles. This is also true for the Zhu et al.42

data for iron oxide nanofluids in Table 8. Zhu et al obtained
enhancements of 15–30% in the case of 0.5–1.5% (v/v) iron
oxide nanofluids and attributed these high values to alignment
of iron oxide nanoparticles. In addition, they also reported a

Table 4. Comparing the Geometric Mean (GM) and Modified Geometric Mean (mGM) Models
with Experimental Data for Titania Nanofluids

Data Reference Particle Size (nm) Fluid Temperature (K)

Average Absolute Deviation (%)

GM mGM (p)

41 15 Water 298 11.02 11.55 (1)
6 10–79 Water 298 1.16 1.46 (1)

10–79 EG 298 1.76 2.05 (1)
109 25 Water 298 9.54 9.62 (1)
111 26 Water 291–338 0.78 0.76 (1)
32 40 Water 283–313 0.66 0.49 (0.93)
118 2 Water þ EG 297–421 33.12 2.99 (0.07)
112 21 Water 288–308 1.13 1.09 (0.92)

Table 5. Comparing the Geometric Mean (GM), and Modified Geometric Mean (mGM) Models
with Experimental Data for Ceria Nanofluids

Data Reference Particle Size (nm) Fluid Temperature (K)

Average Absolute Deviation (%)

GM mGM (p)

90 12 and 74 Water 298 3.17 2.85 (1)

Table 6. Comparing the Geometric Mean (GM) and Modified Geometric Mean (mGM) Models
with Experimental Data for Copper Oxide Nanofluids

Reference Particle Size (nm) Fluid Temperature (K)

Average Absolute Deviation (%)

GM mGM (p)

31 36 Water 298 13.59 14.61 (1)
107 36 Water 298 0.85 0.83 (0.94)
54 23.6 Water 298 6.94 0.99 (0.22)

23.6 EG 298 3.03 2.37 (0.22)
53 23 Water 298 17.38 2.61 (0.14)

23 EG 298 32.77 2.37 (0.14)
48 28.6 Water 294–324 8.38 8.99 (1)
113 12 Water 298 0.84 0.4 (1)
55 33 Water 298 0.13 0.58 (1)

33 EG 298 3.03 3.47 (1)
56 25 Water 298 6.89 6.95 (1)
52 29 Water 302–309 14.59 16.43 (1)
114 29 EG 298 4.47 0.62 (0.37)
32, 33 33 Water 283–303 8.03 0.88 (0.19)

Table 7. Comparing the Geometric Mean (GM) and Modified Geometric Mean (mGM) Models

with Experimental Data for Silicon Dioxide Nanofluids

Reference Particle Size (nm) Fluid Temperature (K)

Average Absolute Deviation (%)

GM mGM (p)

55 12 Water 298 2.37 3.52 (1)
13 20 Water 298 1.09 2.82 (1)
111 23 Water 298 1.95 2.55 (1)

23 EG 298 2.04 2.64 (1)
23 Ethanol 298 2.32 2.92 (1)
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nonlinear dependence of thermal conductivity on particle vol-
ume fraction for these nanofluids, which is unusual. In the
case of diamond nanofluids (Table 10), predictions of the
modified geometric mean model appear to be poor because
the phonon mean free path for diamond (104.81 nm) is an
order of magnitude larger than its particle size (10 nm)115 It
appears that the Liang and Li equation may not be applicable
in this case because the equation does not account for quan-
tum size effects.17 For most nanofluids containing semicon-
ductor or insulator particles, however, the modified geometric
mean model provides good estimates of the effective thermal
conductivity without any adjustable parameters. If roughness
must be accounted for, then one parameter can be included in
the model and optimized using data for one base fluid. Ther-
mal conductivities for other base fluids, particle sizes, and
temperatures may then be predicted.

Conclusions

This work reviews the effect of key variables on the ther-
mal conductivity of nanofluids and develops a model for the
effective thermal conductivity that includes the size-depend-
ence of the thermal conductivity of the particles. The new
model, with at most one adjustable parameter, is capable of
predicting the effect of different base fluids, particle size,
temperature, and volume fraction. Poor model predictions

generally imply that experimental values are unusually high
or the trends in the data do not conform to expected trends.
The model also provides indirect confirmation of the
decrease in the thermal conductivity of semiconductor and
insulator nanoparticles as the particle size becomes of the
same order as the phonon mean free path.
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